Chapter 9.4 – The Intersection of Three Planes

Case 1 – Consistent Systems (see diagrams on page 520)
a) Three planes intersect at a single point
Example: Determine the intersection of the three planes with the equations

2x + y + z + 9 = 0, 
x – y – z = 0, 
and  
3x + 2y – 2z – 1 = 0








Solve using elementary row operations; answer (-3, 1, -4)
b) Three non-coincident planes intersect along a line

Example:  Determine the intersection of the planes with the equations

3x + y – z – 5 = 0, 
2x + 2y – z - 5 = 0, 
and
x – 5y + z + 5 = 0
	Method 1 - We could find the intersection of two planes, and then find the intersection of the third plane with one of the first two, to see if it’s a line, or a point on the line, or nothing at all (look at first diagram on page 526) – [note that we would check that none of the planes were parallel first, by looking at their normals]

Method 2 – we could use elementary row operations, get two rows to be equivalent, and then solve for the intersection of the two resulting equations in three variables, which in the case on the left is a line  


	Answer: x = t, y = t, z = -5 + 4t


c) Two coincident planes and one non-coincident plane intersect along a line

Example:  Determine the intersection of the planes with the equations

4x + 2y – 8z + 12 = 0, 
2x + y – 4z + 6 = 0, 
and
x + y – 3z + 5 = 0

	Show that the first two planes are scalar multiples of each other and therefore coincident, then find the line of intersection with the third plane.


d) Three planes are coincident

Example:  Determine the intersection of the planes with the equations

x – 3y + z – 4 = 0, 
2x – 6y + 2z – 8 = 0, 

and
-4x + 12y – 4z + 16 = 0
Case 2 – Inconsistent Systems (see diagrams on page 526)
a)     A triangular prism is formed by three parallel lines

Example:  Determine the solution to the following system of equations (i.e., “find the intersection, if any, of the following three planes”)

x - y + z – 1 = 0,

x + y + 2z – 2 = 0, 
and 
x - 5y - z - 1 = 0
	Use a system of equations to show that the system is inconsistent, then show that the normals are not scalar multiples of each other and therefore that the planes are not parallel or coincident


b) Two parallel, non-coincident planes each intersect a third plane
Example:  Determine the solution to the following system of equations

2x + 5y – 8z – 5 = 0,
x + y – 2z – 9 = 0, 
and 
2x + 2y – 4z – 7 = 0

c) Three planes are parallel and none are coincident

Example:  Solve the following system of equations

3x – y + 7z – 9 = 0, 
6x – 2y + 14z – 3 = 0, 
and 
3x – y + 7z – 8 = 0

d) Two planes are coincident, and a third plane is parallel but non-coincident

Example:  Solve the following system of equations

3x – 9y + 12z + 60 = 0, 
4x – 12y + 16z + 52 = 0, 
and
x – 3y + 4z + 20 = 0

