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Sine Law and Cosine Law Unit
____________________________________________________________________________________________________________________________________________________________________________________________________________________
	Consider the triangle ABC

· Let A represent the magnitude of 
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, let B represent the magnitude of 
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, and let C represent the magnitude of 
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· Also, let a represent the length of the side opposite 
[image: image4.wmf]A
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, let b represent the length of the side opposite 
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, and let c represent the length of the side opposite 
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From now on, to aid in understanding and communication, we will always assume in the context of triangles that a capital letter refers to the magnitude of an angle and a small letter refers to the length of a side.

       
	


There are two main laws which govern the relationship between the sides and the angles of a triangle.

· Sine Law
→
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· Cosine Law
→
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	There are four main situations to consider

1. Using the sine law to find the length of a side

→
use this when you have two angles and any side (AAS or ASA) and you want to know the magnitude of a side opposite one of the angles

2. Using the cosine law to find the length of a side

→
use this when you have two sides and the contained angle between the two sides (SAS) and you want to know the length of the third side

3. Using the cosine law to find the magnitude of an angle

→
use this when you have all three sides (SSS) and you want to know the magnitude of one of the angles in between

4. Using the sine law to find the magnitude of an angle

→
use this when you have two sides and an angle opposite one of them (SSA) and you want to know the magnitude of one of the other angles.
 
	


Suggested Procedure for Evaluating an Angle or a Side Using the Sine or Cosine Law

1. Draw a diagram.  Drawing it to scale might help, but it is not necessary

2. Decide which of the four cases applies to your situation

3. Evaluate (good luck)

Case 1 – Using the sine law to find the length of a side (AAS or ASA)

Imagine 
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 . Evaluate a to the nearest tenth of a centimeter. 

Case 2 – Using the cosine law to find the length of a side (SAS)

Imagine 
[image: image14.wmf]DEF

D

, where 
[image: image15.wmf]m

f

D

m

e

7

.

6

,

52

,

5

.

4

=

°

=

=

.  Evaluate d, rounded to one tenth of a metre.

Imagine 
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.  Evaluate g, rounded to one tenth of a centimeter.

Case 3 – Using the cosine law to find the magnitude of an angle (SSS)
Imagine 
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.  Evaluate K  to the nearest tenth of a degree.
Imagine 
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.  Evaluate the magnitude of 
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 to the nearest tenth of a degree.
Case 4: The Ambiguous
 Case of the Sin Law (SSA)
Question:  The ambiguous case of the sine law states that when you use the sine law to find the magnitude of an angle, you might get more than one valid answer.  However, we saw above that when you use the cosine law to evaluate the size of an angle, you get at most one possible answer.   Two questions – 1.
why does the cosine law only provide one valid answer?        and

 2.
why does the sine law potentially provide two valid answers?

Answer 1:  When you use the cosine law to determine the size of an angle 
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, you end up with an expression for 
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.  For example, in the first example of case 3, which we worked on yesterday, we got 
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However, in each case we know that the angle that we’re searching for is less than 
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, because the angle resides in a triangle.  Therefore, in each of the above cases, the second option is impossible.  There is only one answer.  In other words, the situation is not ambiguous.  Clearly, then, 
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Answer 2:  Suppose we are using the sine law to find the magnitude of an angle 
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.  Then, imagine that in working through our solution we eventually get to the statement 







[image: image31.wmf]5

.

0

sin

=

J


	We know from the winding function and from the method used in the last unit that we would solve this problem by drawing the diagram to the right.
	


Alas, 
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.  Which answer is correct?  Are they both correct?  We will have to consider other characteristics of the triangle to answer these questions.

	 Alternatively, recall the graphs of the curves 
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Given that 
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 in the domain 
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, (which is the valid domain for an angle in a triangle), we know that 
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Steps to evaluate an angle given two sides and an angle not subtended by them

Method 1 

· Obtain the solution for the required angle in the first quadrant

· Then, subtract that value from 180º, and see if this second potential solution would fit within a triangle that already has the angle given in the question.
  

· If there is a second solution as per the above bullet point, then the question has two solutions.  If not, then there is only one solution.

	The quick and easy version is as follows – find your first solution, likely using the sin-1 button on your calculator.  If you get a valid angle, and if that value is greater than the angle given in the question, then you have two solutions.  If not, then you only have one solution.



Example 1:  Consider 
[image: image43.wmf]ABC

D

, where 
[image: image44.wmf]10

,

20

,

58

=

=

°

=

b

a

A

.  

a) How many solutions are possible for 
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b) Solve for 
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Example 2:
Consider 
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a) How many solutions are possible for 
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b) Solve for 
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Example 3:
Consider 
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a) How many solutions are possible for 
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b) Solve for 
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.               (note to Beland:  show the class what the two triangles look like).
Method 2  

	Suppose we know angle A, side a and side b, and we are looking for angle B.

· a < b sin A            implies 0 solutions

· b < a                      implies 1 solution

· b sin A < a < b      implies 2 solutions


Explanation

Example 1:  Consider 
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a) How many solutions are possible for 
[image: image57.wmf]B

Ð

?

b) Solve for 
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Example 2:
Consider 
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a) How many solutions are possible for 
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b) Solve for 
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Example 3:
Consider 
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a) How many solutions are possible for 
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b) Solve for 
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An advantage to the second method is that it lets you see very quickly whether there are 0, 1 or 2 solutions.  An advantage to the first method is that it allows to obtain the alternative value quite quickly.  The choice is yours.

Solving a Triangle

A triangle has six pieces of information – three side lengths and three angle magnitudes.  It is possible to solve any triangle (i.e., determine all six pieces of information) if we have three pieces of information, at least one of which is a side length.

Method for Solving a Triangle.

· Draw a diagram if one is not provided.  The diagram does not need to be drawn to scale

· Case 1 (AAS or ASA) Find the third angle by finding the sum of the first two and then subtracting the total from 180º

· Then, find the remaining two sides by performing two separate applications of the sine law

· Case 2 (SAS)  Find the third side by using the cosine law
· Then, find the largest of the two remaining angles by using the cosine law.  The largest angle is the angle opposite the largest side

· Why should we find the largest angle first?  Because the only possibly obtuse angle is the largest angle.  The cosine law only gives one answer, and we can therefore avoid confusion that might arise from an “ambiguous case of the sine law” situation.

· Then, find the third angle by finding the sum of the first two and then subtracting the total from 180º
· Case 3 (SSS) If you have all three sides, determine the largest angle first, by using the cosine law.  The largest angle is the angle opposite the largest side

· Why should we find the largest angle first?  Because the only possibly obtuse angle is the largest angle.  The cosine law only gives one answer, and we can therefore avoid confusion that might arise from an “ambiguous case of the sine law” situation.

· Once we solve for the largest angle using the cosine law, we can solve for the second angle using the sine law or the cosine law (most people find the sine law quicker in this case)

· Then, we solve for the third angle by adding the first two and subtracting the sum from 180º.

· Case 4 (SSA)  Employ the methods discussed yesterday regarding how to find the opposite angle.  

· If there is no solution to the above step, then there is no valid triangle

· If there is one solution, then proceed as usual

· If there are two solutions, then there are two entirely separate triangles, each of which has to be fully solved and separately stated.  This is a very important point.  

When you solve a triangle, give one final, clear statement of your solution.  If there is no solution, then state that.  If there is one solution, state the three pieces of information from the triangle that you evaluated in one clear summary statement.  If there are two solutions, then state that, and in one two-part statement, simply state the three pieces of information from one triangle, and then state the three pieces of information from the other triangle 

Example:  Solve 
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Example:  Solve 
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� Use this version when evaluating an angle, so that we can multiply each side of our equation by the side length in the denominator and then quickly have a value for the sin of the angle we wish to evaluate.


� Use this version when evaluating a side length, so that we can multiply each side of our equation by the sin ratio in the denominator and then quickly have a value for the side length we wish to evaluate.


� This is highlighted because it is known as the ambiguous case of the sine law.


� One of the synonyms for ambiguous is indeterminate, which means that there is more than one valid answer.


� If there is no solution at this stage less than or equal to 90º, then there is no solution at all.


� This is because from looking at the unit circle, we know that if there is a second solution in the second quadrant, then it is the reflection of the first solution in the y-axis.  This means that the second solution must be equally far from 180º as the first solution is from 0º.


� We need at least one side length, because if all we had were angles there would be an infinite number of differently sized similar triangles that would be valid solutions.





_1329915041.unknown

_1329916982.unknown

_1329918508.unknown

_1329919624.unknown

_1329919954.unknown

_1329922836.unknown

_1364113863.unknown

_1329922883.unknown

_1329922753.unknown

_1329919742.unknown

_1329919849.unknown

_1329919951.unknown

_1329919805.unknown

_1329919704.unknown

_1329919464.unknown

_1329919580.unknown

_1329918881.unknown

_1329919241.unknown

_1329919325.unknown

_1329918537.unknown

_1329917558.unknown

_1329918354.unknown

_1329918365.unknown

_1329918232.unknown

_1329918283.unknown

_1329917446.unknown

_1329917533.unknown

_1329917415.unknown

_1329916458.unknown

_1329916604.unknown

_1329916959.unknown

_1329916494.unknown

_1329916377.unknown

_1329916398.unknown

_1329915130.unknown

_1329913758.unknown

_1329914633.unknown

_1329914924.unknown

_1329915004.unknown

_1329914885.unknown

_1329914534.unknown

_1329914594.unknown

_1329914182.unknown

_1329910213.unknown

_1329910713.unknown

_1329913316.unknown

_1329913377.unknown

_1329910596.unknown

_1329910021.unknown

_1329910047.unknown

_1329909989.unknown

_1329909842.unknown

