Proof of Formula for Derivative of the Sin Function
Strategy:  First, we’re going to prove that 
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 using the squeeze theorem.  Once we know that important property, we can prove the three trig derivative formulas that we will focus mostly on.
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Part A:  RTP: 
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Proof:  Recall:  Area of circle 
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Think of the angle 
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 in terms of radians

Therefore the sector
 of a circle with radius r is 
[image: image9.wmf]÷

ø

ö

ç

è

æ

p

q

2
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Now, imagine that the outer circle is radius 1          






Clearly, (Area of Sector OAB) ≤ (Area of Triangle OCB) ≤ (Area of Sector OCD)
	Radius of Sector OAB = 
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 from the winding function.

Therefore, using our above statement, Area of Sector OAB = 
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Similarly, Area of Sector OCD = 
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Since Area of a Triangle = 
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, therefore Area of Triangle OCD = 
[image: image16.wmf]q

q

sin

cos

2

1




Therefore, 
[image: image17.wmf]2

sin

cos

2

1

cos

2

2

q

q

q

q

q

£

£


Multiply the left, middle and right by 
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	Note that we can multiply by
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because we are in the first quadrant, so all three factors are positive, so we don’t have to change the direction of any of the inequalities.
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Part B:  RTP:   
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Proof:  
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	At this point, we consider that 
[image: image26.wmf]h

h

h

h

2

2

2

2

sin

1

cos

1

cos

sin

-

=

-

Þ

=

+







[image: image27.wmf][

]

q

q

q

q

q

q

q

q

q

q

cos

cos

0

cos

1

1

0

)

1

(

sin

cos

1

)

cos(

)

sin(

)

sin(

sin

cos

1

)

cos(

)

sin(

)

sin(

sin

cos

1

)

cos(

sin

sin

lim

lim

lim

lim

0

0

0

2

0

=

+

=

+

ú

û

ù

ê

ë

é

÷

ø

ö

ç

è

æ

+

-

=

+

ú

û

ù

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

+

´

÷

ø

ö

ç

è

æ

-

=

+

ú

û

ù

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

+

´

-

=

+

ú

û

ù

ê

ë

é

+

-

=

®

®

®

®

h

h

h

h

h

h

h

h

h

h

h

h

h

h

h


· See if you can prove that 
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.  The proof can done much the same way, keeping in mind that 
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· See if you can also prove that 
[image: image31.wmf]q

q

q

2

sec

)

(tan

=

d

d


� Draw a picture of a theta angled piece of pie to show the sector bit


� Draw diagram of unit circle, with sector OAB inside, sector OCD along outside, and triangle OCB in between
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